We study the effect of a bubble wall on the entanglement entropy of a free massive scalar field between two causally disconnected open charts in de Sitter space. We assume there is a delta-functional wall between the open charts. This can be thought of as a model of pair creation of bubble universes in de Sitter space. We first derive the Euclidean vacuum mode functions of the scalar field in the presence of the wall in the coordinates that respect the open charts. We then derive the Bogoliubov transformation between the Euclidean vacuum and the open chart vacua that makes the reduced density matrix diagonal. We find that larger walls lead to less entanglement.
Introduction
Quantum entanglement has fascinated many physicist because of its counterintuitive nature.
Quantum entanglement makes it possible to know everything about a system composed of two subsystems (in a pure state) but know nothing at all about the subsystems (in the case of maximal entanglement). After Aspect et al. succeeded in showing experimental evidence of the quantum nature of entanglement by measuring correlations of linear polarizations of pairs of photons [1, 2] , much attention has been paid to this genuine quantum property in various research areas including quantum information theory, quantum communication, quantum cryptography, quantum teleportation and quantum computation.
Quantum entanglement should play an important role in cosmology. In de Sitter space where the universe expands exponentially, any two mutually separated regions eventually become causally disconnected. This is most conveniently described by spanning open universe coordinates on two open charts in de Sitter space. The positive frequency mode functions of a free massive scalar field for the Euclidean vacuum (the Bunch-Davies vacuum) that have support on both regions were derived in [3] . Using them, quantum entanglement between two causally disconnected regions in de Sitter space was first studied by Maldacena and Pimentel [4] . They showed that the entanglement entropy, which is a measure of quantum entanglement, of a free massive scalar field between two disconnected open charts is nonvanishing. Motivated by this, the entanglement entropy of α-vacua [5, 6] , that of the Dirac field [7] and axion field were examined [8, 9] . The spectrum of cosmological fluctuation was also studied in [10, 11] . Quantum entanglement is also of considerable interest in the context of the proposed "entanglement -geometry correspondence"(e.g. [12, 13] ).
One of the cornerstones of inflationary cosmology is that primordial density fluctuations have a quantum mechanical origin. Inflation leads to an "initial state" of the universe following inflation which is highly entangled. This invites the question of whether compelling observational evidence for the entangled nature of the initial density fluctuations can be found. Several studies have been made on quantifying the initial state entanglement by using some measure of entanglement such as the Bell inequality [14, 15, 16, 17, 18, 19, 20] , entanglement negativity [21, 22, 23] and quantum discord [24, 25] . There have also been several attempts to find some observational signatures on the CMB when the initial state is a non-Bunch-Davies vacuum due to entanglement between two scalar fields [26, 27] , between two universes [28] , and due to scalar-tensor entanglement [29, 30] In this paper we extend the calculation of Maldacena and Pimentel [4] to the case where a bubble wall is present between the two open charts. The modes of the scalar field are changed by the presence of the wall, which in turn changes the entanglement entropy between the two regions. We find that for sufficiently large walls, the entanglement entropy approaches zero. Our technical results may prove useful in several of the areas discussed above. Here we focus on the possible implications for the decoherence of bubble universes.
The paper is organized as follows. In section 2, we review the method developed by Maldacena and Pimentel with some comments relevant to the calculation of the entanglement entropy with a bubble wall. In section 3, we introduce the bubble wall in the system and construct the positive frequency mode functions for the Bunch-Davies vacuum. We then compute the entanglement entropy and logarithmic negativity. Finally we summarize our result and discuss the implications in section 4.
Entanglement entropy in de Sitter space
Recently, Maldacena and Pimentel studied quantum entanglement between two causally disconnected regions in de Sitter space in [4] . They showed that the entanglement entropy of a free massive scalar field between two disconnected open charts is non-vanishing. In this
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Infinite volume exists Figure 1 : The Penrose diagram of the de Sitter space is shown. L and R are the two causally disconnected regions described by the open charts. A late-time spatial hypersurface in each region is depicted.
section, we review their result.
Mode functions in the open chart
We consider a free scalar field φ with mass m in de Sitter space represented by the metric g µν . The action is given by
The metric in each R and L region of open charts in de Sitter space (see Figure 1 ) can be obtained by analytic continuation from the Euclidean metric, 2) and expressed, respectively, as
where H −1 is the Hubble radius and dΩ 2 is the metric on the two-sphere. Note that the region R and L covered by the coordinates (t L , r L ) and (t R , r R ) respectively are the two causally disconnected open charts of de Sitter space 1 .
The solutions of the Klein-Gordon equation are expressed as 
where
are the associated Legendre functions and the index σ takes the values ±1 which distinguishes two independent solutions for each region, and ν is a mass parameter
Here and below in the text, we focus on the case m 2 /H 2 < 9/4 to save space and make discussion clear. The extension to the case m 2 /H 2 > 9/4 is straightforward, and the result we present will include both mass ranges.
2 ) is equivalent to a conformally coupled massless scalar.
The minimally coupled massless limit is ν = 3/2. For 1/2 < ν < 3/2, it is known that there exists a supercurvature mode p = ik where 0 < k < 1, which may be regarded as a bound-state mode. The role of supercurvature modes in the quantum entanglement is not clear. In [4] , it is conjectured that they won't contribute. In the body of this paper we simply ignore them. An analysis in the case of a conformal scalar in the presence of a bubble wall is given in the Appendix A. It turns out that a bubble wall can make the effective potential deep and allow a supercurvature mode to exist. In fact, we find that the eigenvalue k can exceed unity and become arbitrarily large as the effective potential becomes deeper, and as a result the contribution of the supercurvature mode in the vacuum spectrum in each open chart is more important 2 .
Going back to the solutions in Eq. (2.5), the Klein-Gordon normalization fixes the normalization factor as
Since they form a complete orthonormal set of modes, the field can be expanded in terms of the creation and annihilation operators, φ(t, r, Ω) = H sinh t dp
, and a σp m annihilates the Bunch-Davies vacuum, a σp m |0 BD = 0, and we introduced a Fourier mode field operator,
For convenience, we write the mode functions and the associated Legendre functions of the 
Bogoliubov transformations and entangled states
Next we consider the positive frequency mode functions for the R or L vacuum that have support only on the R or L region, respectively. They are given by
where q = (R, L). As the Fourier mode field operator (2.9) should be the same under this change of mode functions, we have
where we have introduce the new creation and annihilation operators (
The Bunch-Davies vacuum may be constructed from the states over |0 q as
where m ij is a symmetric matrix. The condition a σ |0 BD = 0 determines m ij :
13)
3 It may be noted that this abbreviation implies (a σ )
But since this is a small technical problem that can be easily solved by doubling the degrees of freedom, below we assume (a σ )
where e iθ contains all unimportant phase factors for ν 2 > 0. This is an entangled state of the H R ⊗ H L Hilbert space.
The density matrix ρ = |0 BD BD 0| is not diagonal in the |0 R |0 L basis unless ν = 1/2 or 3/2. To make the calculation easier for tracing out the degrees of freedom in, say, the L space later, we perform a further Bogoliubov transformation in each of R and L region. Apparently, this Bogoliubov transformation does not mix the operators in H R space and those in H L space. We introduce new operators c q = (c R , c L ) that satisfy 14) to obtain
Note that the condition |u| 2 − |v| 2 = 1 is assumed so that the new operators satisfy the
The normalization factor N γp is given by 
where we defined ω ≡ m RR = m LL and ζ ≡ m RL = m LR in Eq. (2.13). Note that a minus sign in front of the square root term is taken to make γ p converge. Putting the ω and ζ defined in Eq. (2.13) into Eq. (2.17), we obtain
Note that γ p simplifies to |γ p | = e −πp for ν = 1/2 (conformal) and ν = 3/2 (massless). The u and v may be determined by inserting the above γ p into the consistency conditions.
Reduced density matrix and entanglement entropy
Given the density matrix in the diagonalized form, it is straightforward to obtain the reduced density matrix. From Eqs. (2.15) and (2.16), we obtain the density matrix for each mode labeled by p, , m as where we defined |n;
In the conformal (ν = 1/2) and massless (ν = 3/2) cases, the reduced density matrix reduces to a thermal state with temperature
The entanglement entropy for each mode is given by
Then the total entanglement entropy between two causally disconnected open regions is obtained by integrating over p and a volume integral over the hyperboloid,
where V reg H 3 = 2π is the regularized volume of the hyperboloid [4] . The result is plotted in Figure 2 . We see that the entanglement is largest for small mass (positive ν 2 ) and decays exponentially for large mass (negative ν 2 ). The two peaks correspond to the massless (ν = 3/2) and conformal (ν = 1/2) cases.
Effects of a bubble wall on the entanglement
Now we study the effect of a bubble wall on the entanglement. The Penrose diagram of our setup is depicted in Figure 3 . We consider the same action as Eq. (2.1) but now with m 2 as a function of the background geometry which contains a wall. In the case when the background geometry is given by an instanton solution with σ(τ ) being the scalar field configuration and φ being its fluctuations, m 2 will be given by
Our setup
Inside of a bubble Inside of another bubble Figure 3 : The Penrose diagrams of de Sitter space with and without a delta function wall. We assume that pair creation of identical vacuum bubbles through false vacuum decay, and that the bubbles are separated by an infinitesimally thin wall in region C.
where V is the potential of the σ field, and the τ -dependence of m 2 is through its σ-dependence. In a realistic situation, m 2 would be a smooth function of τ , and is positive on both sides of the wall, but negative at the wall where the potential has a peak. For simplicity, however, here we model the wall with a delta-function.
Setup
We consider the same action as Eq. (2.1) but now with a delta-functional wall in region C parameterized by Λ according to,
where the metric is expressed as
Note that the radial coordinate t C in the region C coincides with τ of the instanton solution (see Eq. (3.6) below). Note also that if we denote the width of the wall by ∆τ w , we have
Setting the field φ as (sin t C ).
Mode functions in the presence of a wall
Now we want to pick up the positive frequency mode functions which are relevant for the pair creation of bubble universes through false vacuum decay. Namely, those mode functions that describe the Euclidean vacuum in the presence of a wall in region C. They are obtained by requiring regularity in the lower hemisphere of the Euclidean de Sitter space with the wall when they are analytically continued to that region [3, 31] .
The relation between the Lorentzian and the Euclidean coordinates
The open chart is obtained by analytic continuation of the Euclidean sphere S 4 . The
Lorentzian coordinates of the regions L, R and C are related to the Euclidean coordinates given in Eq. (2.2) as
For simplicity, we write sin t C ≡ z C , cosh t R ≡ z R , and cosh t L ≡ −z L below. Then, the above relations give z C = z R = −z L .
Analytic continuation in the presence of the wall
Analytic continuation is through z R < 0. This means that the argument of z R − 1 =
which gives
when analytically continued from z R > 1 to z R = z C < 1. This means
for z R = z C < 1, whereP µ ν (x) for −1 < x < 1 is defined as
Assuming there is a delta-functional wall of height Λ at
in C − , where A p and B p are given by
14)
(3.15)
Note that in the absence of a wall (Λ = 0), we have A p = 1 and B p = 0.
•
Now we express the above solution in terms of χ L p . To do this, we first introduceẑ C = −z C and analytically continue χ L p from L to C − where 0 <ẑ C < 1. Exactly the same as the analytic continuation from R to C + , we have
for z L =ẑ C < 1.
• matching χ R with χ L :
We now express χ (ẑ C ), which can be achieved by using the transformation formulas for the hypergeometric functions in Appendix B. We find
Notice that P
(−ẑ C ).
The Euclidean vacuum in the presence of the wall
Finally, the positive frequency mode functions for the Euclidean vacuum in the presence of the bubble wall are found to be
where the Klein-Gordon normalization for the above solutions is
whereÑ p is defined in Eq. (2.10) and we have defined
Note that in the absence of the wall (Λ = 0), we have f p = C p and g p = e πp D p .
Bogoliubov transformations and entangled states
We perform the same Bogoliubov transformation in Eq. (2.11) that mixes the operators in the Hilbert spaces H R and H L . The derivation of the symmetric matrix m ij is given in 4 In the language of [31] , we have
We can check the symmetry, α *
If there is no wall, ω is real (ω = ω * ) and ζ is pure imaginary (ζ = −ζ * ) for positive ν 2 , then the second Bogoliubov transformation was simplified as in Eq. (2.14). In the presence of the wall, however, Eqs (3.25) and (3.26) are not real and pure imaginary respectively for positive ν 2 . In this case, we need to perform the Bogoliubov transformation of the form 28) to get the relation Eq. (2.15). Note that |u| 2 − |v| 2 = 1 and |ū| 2 − |v| 2 = 1 are assumed.
Then the consistency relations (c
give the system of four homogeneous equations
In order to have a non-trivial solution in the above system of equations, γ p must be [5] 
Entanglement entropy
From the left panel in Figure 4 , we see that the entanglement entropy decreases as the effect of the wall increases for small mass (positive ν 2 ). For large mass (negative ν 2 ), the entanglement entropy decays exponentially in the absence of the wall (Λ = 0). In the presence of the wall, the peak at the conformally coupled scalar (ν = 1/2) shifts to the left and eventually disappears as the effect of the wall increases. The right panel also shows that the peak of the entanglement entropy corresponding to the massless case and the conformally coupled scalar is an identical value in the absence of the wall (Λ = 0). However, as the effect of the wall becomes large, the entanglement entropy in the case of conformally coupled scalar decays faster than that of massless case.
Logarithmic negativity
In order to characterize the entanglement of a quantum state, there have been many entanglement measures proposed. The logarithmic negativity is one such measure of quantum entanglement. This measure is derived from the positive partial transpose criterion for separability [32] . The idea of it is to characterize an entangled state as a state that is not separable. In this subsection, we compute the entanglement of our model with the logarithmic negativity.
The second Bogoliubov transformation Eq. (2.15) is rewritten as 31) where the states |n; p m R and |n; p m L are n particle excitation states in R and L spaces.
For a pure state, any state has a Schmidt decomposition expressed as where λ i is the probability to observe the ith state and satisfies i λ i = 1. By using the eigenvalues, the logarithmic negativity is expressed as
Thus, if we compare Eq. (3.31) with the Schmidt decomposition, we can read off the corresponding eigenvalues 34) and the logarithmic negativity for each mode is calculated as [22] LN (p, ν) = 2 log 2
Then the logarithmic negativity is obtained by integrating over p and a volume integral over the hyperboloid,
The result is plotted in Figure 5 . We find that the qualitative features are the same as the result of entanglement entropy.
Summary and discussion
We have studied the effect of a bubble wall on the entanglement entropy of a free massive scalar field between two causally disconnected open charts in de Sitter space. We assume there is a delta-functional wall between them parameterized by our wall parameter Λ. This may be regarded as a model describing the pair creation of identical bubble universes separated by a bubble wall. To analyze the system, we first derived the Euclidean vacuum mode functions of the scalar field in the presence of the wall in the coordinates that respect the open charts. We then gave the Bogoliubov transformation between the Euclidean vacuum and the open chart vacua that makes the reduced density matrix diagonal. We derived the reduced density matrix in one of the open charts (R space) after tracing out the other (L space). We then computed the entanglement entropy of the scalar field by using the reduced density matrix and compared the result with the case of no bubble wall. We found that larger values of parameter Λ correspond to less entanglement. We also computed a different measure of entanglement called logarithmic negativity. The qualitative features were found to be the same as the result of entanglement entropy.
In the limit of small entanglement entropy the BD quantum state approaches a product of ground state wavefunctions for each of the charts. Our results thus show that for large Λ the dynamics of bubble formation select this product state and ensure its stability under evolution. These are the features identified in the literature 5 to correspond to the selection of special pointer states via the decoherence process. Our results thus may be regarded as evidence of decoherence of bubble universes from (and by) each other.
We also note that in discussions of the black hole firewall problem [33, 34] it is argued that the absence of entanglement implies the existence of a firewall. We are intrigued by a certain parallel, in a kind of reverse engineered way, with our results: We show a particular example of how the presence of a wall can reduce entanglement.
eigenvalue, p = ik where 0 < k < 1. Therefore this may be regarded as a bound-state mode in the spectrum.
The role of supercurvature modes in the quantum entanglement is not known. In [4] , it is conjectured that they do not contribute to the entanglement. Here we consider the effect of the presence of a bubble wall on the supercurvature mode by focusing on the simplest case of m 2 /H 2 = 2, ie, the conformal scalar case. In this case, if there is no wall, there is no supercurvature mode. We see below that a supercurvature mode appears when there is a wall.
Let us first write down the equation for the mode function χ p (t C ) in region C,
where a(t C ) = H −1 cos t C and
By using the conformal coordinate dξ = dt C /a(t C ), we have a = (H cosh ξ) For either sign, the solution is singular at ξ → ∓∞ if there were no wall. However, the presence of a wall allows the solution to be
for ξ > 0 , e kξ for ξ < 0 .
(A.5)
The matching condition at ξ = 0 gives 6) which can be readily solved to obtain
Thus the supercurvature mode exists for any value of Λ > 0, and the eigenvalue k can be arbitrarily large unlike the case of the pure de Sitter background.
To complete the analysis, let us compute the normalization factor of the supercurvature mode. Setting χ k = N Thus we obtain a very simple result,
Thus the larger the eigenvalue k, the smaller the normalization factor becomes, implying that its contribution to the spectrum of the vacuum fluctuations in each open chart becomes more and more important [31] . 
B Transformation formulas

